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ON GROUP PROPERTIES AND CONSERVATION LAWS

FOR SECOND-ORDER QUASI-LINEAR DIFFERENTIAL EQUATIONS

UDC 517.944+519.46Yu. A. Chirkunov

A sufficient condition for the absence of tangent transformations admitted by second-order quasi-
linear differential equations and a sufficient condition for linear autonomy of operators of the Lie
group of transformations admitted by second-order weakly nonlinear differential equations are found.
A theorem on the structure of the first-order conservation laws for second-order weakly nonlinear
differential equations is proved. A classification of second-order linear differential equations with two
independent variables in terms of first-order conservation laws is proposed.

Key words: second-order weakly nonlinear differential equations, tangent transformations, lin-
early autonomous operators, first-order conservation laws, Laplace invariants.

Introduction. Group properties and conservation laws for second-order quasi-linear differential equations
are studied in the paper. Information about the structure of operators admitted by a differential equation and
conservation laws for the latter is known to simplify substantially both the search for these operators and con-
servation laws and the search for solutions of this equation [1]. Classification of differential equations in terms
of conservation laws allows, in particular, identification of experimentally determined values of physical quantities
and forms of dependences, which are of interest for mathematical investigation of the problem, and obtaining new
physical quantities unchanged in time.

1. Tangent Transformations Admitted by Second-Order Quasi-Linear Differential Equations.
We consider a second-order quasi-linear differential equation

aijuij + b = 0 (aij = aji), (1)

where uij = ∂i∂ju and ∂i = ∂/∂xi (i, j = 1, . . . , n; n � 2); the matrix A = ‖aij‖ and the quantity b are given
functions of the variables x = (x1, . . . , xn), u, and u

1
= (u1, . . . , un) (ui = ∂iu); summation is performed over

repeated indices from 1 to n (except for specially indicated cases).
For convenience, r∗(A) is understood in what follows as the general rank of the matrix A [1].
Theorem 1. If r∗(A) � 3, then all tangent transformations admitted by Eq. (1) are continued point

transformations.
Proof. Let r∗(A) = r � 3. Without loss of generality, we can assume that a11 = −1, two arbitrary

neighboring minors in the row of minors M1,M2, . . . ,M r in the top left corner of the matrix A are not equal to
zero, and M r �= 0. Hence, we obtain the following alternative: M3 �= 0 or M3 = 0 (then, the minors M2 and M4

differ from zero).
The operator of the group of tangent transformations admitted by Eq. (1) is sought in the form [1]

ξi ∂i + η ∂u + ζ(i) ∂ui , (2)

where ξi = −Hui , η = H−ujHuj , ζ(i) = Hi +uiHu, and Hi = ∂iH (i = 1, 2, . . . , n); H = H(x, u, u
1
) is a generating

function.
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The conditions of invariance of manifold (1) with respect to operator (2) yield the relations

Huiuj = aijλ1 − aj1λi − ai1λj (i, j = 2, 3, . . . , n), (3)

where λm = Hu1um (m = 1, 2, . . . , n) is the solution of the equations

(aijak1 − aikaj1)λ1 − (aik + ai1ak1)λj + (aij + ai1aj1)λk = 0; (4)

2(aikamj − aimajk)λ1 + (akjam1 − amjak1)λi + (aimak1 − aikam1)λj

+ (aimaj1 − amjai1)λk + (akjai1 − aikaj1)λm = 0; (5)

i, j, k,m = 2, 3, . . . , n.

A corollary of system (4), (5) is the equations

B(1, i, j)(λ1, λi, λj)t = 0 (i, j = 2, 3, . . . , n; i �= j), (6)

where B(1, i, j) = ‖Bkm(1, i, j)‖ is an adjoint matrix to the third-order minor matrix of the matrix A, which is
located on the intersection of rows and columns with the numbers 1, i, and j.

For the first part of the alternative, Eqs. (4)–(6) yield λj = 0 (j = 1, 2, . . . , n). For the second part of the
alternative, Eqs. (5) yield the equations

M(1, i, j, k)λ1 = 0 (i, j, k = 2, 3, . . . , n; i �= j �= k �= i),

where M(1, i, j, k) is the fourth-order minor of the matrix A, which is located on the intersection of rows and
columns with the numbers 1, i, j, k. It follows from here that λ1 = 0. As M2 �= 0 and r∗(A) � 3, then Eq. (4) yields
λj = 0 (j = 2, 3, . . . , n).

Thus, by virtue of Eq. (3), the generating function H is a linear function of the variables u1, u2, . . . , un.
Theorem 1 is proved.

Remark 1. The sufficient condition for the absence of tangent transformations for Eq. (1) r∗(A) � 3,
generally speaking, cannot be weakened. For instance, the equation (tut − u)utt = 2∇u · ∇ut + 1, where t ∈ R

1,
∇ = ∂x, and x ∈ R

n−1 (n � 2), admits a group of tangent transformations with a generating function H = exput.
2. Point Transformations Admitted by Second-Order Weakly Nonlinear Differential Equations.

We consider a weakly nonlinear equation

aij(x, u)uij + b(x, u, u
1
) = 0. (7)

The operator admitted by Eq. (7) is sought in the form

ξi(x, u)∂i + η(x, u)∂u. (8)

Definition 1. Operator (8) is called linearly autonomous if its coordinates ξ1, ξ2, . . . , ξn, η satisfy the
equations ξ1u = ξ2u = . . . = ξn

u = 0 and ηuu = 0.
Theorem 2. If r∗(A) � 2, then the coordinates ξ1, ξ2, . . . , ξn of all operators in Eq. (8) admitted by the

weakly nonlinear equation (7) are independent of the function u. If buiuj = 0 for i, j = 1, 2, . . . , n thereby, then all
operators in Eq. (8) admitted by Eq. (7) are linearly autonomous.

Proof. Let r∗(A) = r � 2. Without loss of generality, we can assume that a11 = −1, two arbitrary
neighboring minors in the row of minors M1,M2, . . . ,M r in the top left corner of the matrix A are not equal to
zero, and M r �= 0.

The constitutive equations contain a subsystem

ξi
u = −ai1ξ1u, (aij + ai1aj1)ξ1u = 0,

(2ak1aij − akjai1 − akiaj1)ξ1u = 0 (i, j, k = 1, 2, . . . , n),

which implies that ξi
u = 0.

If the coordinates ξ1, ξ2, . . . , ξn of each operator in Eq. (8) admitted by Eq. (7) are independent of the
function u, then we obtain
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2ηuu = bu1u1(ηu − 2ai1ξ1i ) − 2bu1uiξ
1
i + ξ1b1u1u1 + ξibiu1u1 + ηbuu1u1

+ bu1u1u1 [η1 + u1(ηu − ξ11) − uiξ
i
1] + buiu1u1(ηi + uiηu − u1ξ

1
i − umξ

m
i ).

The second statement of the theorem follows from this equation.
Remark 2. The sufficient condition for independence of the coordinates ξ1, ξ2, . . . , ξn of all operators of

Eq. (8) admitted by Eq. (7) from the function u, r∗(A) � 2, generally speaking, cannot be weakened. For instance,
the equation utt = t|∇u|2 − u2

t admits the operator (expu) ∂t.
Remark 3. For all operators of Eq. (8) admitted by Eq. (7) with a11 �= 0 to be linearly autonomous, it is

sufficient to require a weaker condition (than in the formulation of Theorem 2) to be satisfied, namely, r∗(A) � 2
and bu1ui = 0 (i = 1, 2, . . . , n). This condition, generally speaking, cannot be weakened. For instance, the equation
utt = Δu+ u2

t − |∇u|2 admits the operator (expu) ∂u.
3. First-Order Conservation Laws for Second-Order Weakly Nonlinear Differential Equations.

The first-order conservation law for Eq. (7) is the vector B = (B1, B2, . . . , Bn) whose components are functions of
the variables x, u, and u

1
and satisfy the relation (DiB

i) = 0 by virtue of Eq. (7) (Di is the operator of complete

differentiation with respect to xi) [1].
Theorem 3. If r∗(A) � 3, then the components B1, B2, . . . , Bn in each first-order conservation law for

Eq. (7) are polynomials of the second or lower power with respect to u1, u2, . . . , un.
Proof. Let r∗(A) = r. Without loss of generality, we can assume that a11 = −1, and two arbitrary

neighboring minors in the row of minors M1,M2, . . . ,M r are not equal to zero.
The system of constitutive equations has the form

Bi
uj

+Bj
ui

+ 2aijB1
u1

= 0 (i, j = 1, 2, . . . , n), Bi
i + uiB

i
u + bB1

u1
= 0.

The conditions of compatibility of this system are the equations Bk
uiuj

= aijB1
u1uk

−aikB1
u1uj

−ajkB1
u1ui

and Eqs. (4)
and (5) where it should be assumed that λk = B1

u1u1uk
(i, j = 2, 3, . . . , n; k = 1, 2, . . . , n). Therefore, B1

u1u1uk
= 0

for all k = 1, 2, . . . , n. The statement of the theorem follows from here.
4. First-Order Conservation Laws for Second-Order Linear Differential Equations. We consider

an equation

L[u] = aij(x)uij + bi(x)ui + c(x)u = 0. (9)

It follows from Green’s operator formula

vL[u] − uL∗[v] = Di[aijvuj + (biv − (vaij)j)u]

that Eq. (9) has the conservation law

Bi = aijvuj + (biv − (vaij)j)u (i = 1, 2, . . . , n), (10)

where v = v(x) is the solution of the adjoint equation L∗[v] = 0.
Definition 2. If the conservation law for Eq. (9) is a linear combination of trivial conservation laws and

conservation laws (10), it is called an obvious conservation law; otherwise, it is called a non-obvious conservation
law.

Theorem 3 gives an “estimate from above” for non-obvious first-order conservation laws for Eq. (9). The
“estimate from below” is obtained from

Theorem 4. Any conservation law whose components are linearly expressed via u, u1, u2, . . . , un is an
obvious conservation law for Eq. (9).

Proof. Without loss of generality, we can assume that a11 = −1. Let the conservation law have the form

Bi = f ij(x)uj + hi(x)u (i = 1, 2, . . . , n).

It follows from the relation (DiB
i) = 0 by virtue of Eq. (9) that

f ij = −aijv + gij(x), gij + gji = 0 (i, j = 1, 2, . . . , n),

where L∗[v] = 0. To finalize the proof, it is sufficient to note that the matrix ‖gij‖ is antisymmetric.
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5. Classification of Second-Order Linear Differential Equations with Two Independent Vari-
ables in Terms of First-Order Conservation Laws. Below we perform a classification of the equation

u12 + au1 + bu2 + c = 0 (11)

with respect to the coefficients a, b, and c, which are given functions of the variables x1 and x2, in terms of the
first-order conservation laws, i.e., in terms of the vectors B = (B1, B2) whose components depend on x1, x2, u, u1,
and u2 and satisfy the relation

(D1B
1 +D2B

2) = 0 (12)

by virtue of Eq. (11).
The most general equivalence transformations, which retain the differential structure of Eq. (11) and relation

(12), consist of the transformations x′1 = f1(x1), x′2 = f2(x2), and u = g(x1, x2)u′, where f1(x1) and f2(x2) are
reversible functions; g(x1, x2) �= 0.

The system of constitutive equations is brought to the form

B1
u1

= B2
u2

= 0,

B1
1 + u1B

1
u +B2

2 + u2B
2
u − (au1 + bu2 + cu)(B1

u2
+B2

u1
) = 0.

(13)

If a, b, and c are arbitrary functions of the variables x1 and x2, then the set of the first-order conservation
laws for Eq. (11) consists only of trivial conservation laws.

The classification is performed in terms of non-obvious conservation laws. The second continuation of system
(13) contains the classifying equations hB1

u2u2u2
= 0 and kB2

u1u1u1
= 0, where h = a1 +ab−c and k = b2 +ab−c are

the Laplace invariants.
5.1. Case with hk �= 0. It follows from the second continuation of system (13) that the components B1

and B2 have the form

B1 = θ1u2
2 + ψuu2 − (ψ2/2 − aψ − θ2c)u2,

B2 = θ2u2
1 + ψuu1 − (ψ1/2 − bψ − θ1c)u2,

(14)

where ψ = θ1a+θ2b, θ1 = ϕ1/h, and θ2 = ϕ2/k; the functions ϕ1 = ϕ1(x1, x2) and ϕ2 = ϕ2(x1, x2) are the solution
of the overdetermined passive system:

ϕ1
1 = (p1 + 2b)ϕ1, ϕ2

2 = (q2 + 2a)ϕ2, ϕ1
2 + ϕ2

1 = 2(aϕ1 + bϕ2),

ϕ1
22 = (q2 + 4a)ϕ1

2 + 2[a2 − a(q2 + 2a)]ϕ1 − (h−K)ϕ2,

ϕ1
11 = (p1 + 4b)ϕ2

1 + 2[b1 − b(p1 + 2b)]ϕ2 − (k −H)ϕ1,
(15)

2(K −H)ϕ1
2 − [H2 − q2H + 4a(K −H)]ϕ1 = (K1 − p1K)ϕ2;

p = lnh; q = ln k; H = 2h − k − p12 is the Laplace invariant of the Laplace x1-transformation of Eq. (11);
K = 2k − h − q12 is the Laplace invariant of the Laplace x2-transformation of Eq. (11). The solution of system
(15) has the greatest arbitrariness if the last equation of this system is an identity. If the last equation of system
(15) is satisfied identically, then it follows from the remaining equations of this system that all coefficients of the
expansions of ϕ1 and ϕ2 into the Taylor series are expressed via no more than three arbitrary constants. In the
case with kh �= 0, therefore, Eq. (11) has no more than three non-obvious first-order conservation laws.

The greatest number of non-obvious first-order conservation laws is obtained for those equations (11) whose
coefficients a, b, and c satisfy the system of equations

K = H, H1 = p1H, H2 = q2H (16)

with the compatibility condition (k − h)H = 0. This equation is a classifying equation.
Let k = h. It follows from Eqs. (16) that h is the solution of the Liouville equation (lnh)12 = γh (γ = const).

Then, Eq. (11) with γ �= 0 is equivalent (see [1]) to the Euler–Poisson equation

u12 − 2
γ(x1 + x2)

(u1 + u2) +
4u

γ2(x1 + x2)2
= 0, (17)
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and Eq. (11) with γ = 0 is equivalent to the equation

u12 + x1u1 + x2u2 + x1x2u = 0. (18)

It follows from the solution of system (15) that each of Eqs. (17) and (18) has three non-obvious first-order conser-
vation laws determined by Eqs. (14), where, respectively,

θ1 =
c1 + c2x2 + c3(x2)2

(x1 + x2)4/γ
, θ2 =

−c1 + c2x1 − c3(x1)2

(x1 + x2)4/γ
; (19)

θ1 = (c1 + c2x2) exp (2x1x2), θ2 = (c3 − c2x1) exp (2x1x2). (20)

Let k �= h. Then we have H = K = 0. In this case, Eq. (11) has three non-obvious first-order conservation
laws determined by Eqs. (14), where

θ1 = y(x2) exp
(
2

∫
b dx1

)
, θ2 = z(x1) exp

(
2

∫
a dx2

)
. (21)

The function y(x2) is the solution of the third-order linear ordinary differential equation, and the function z(x1) is
expressed via y(x2) and the coefficients of Eq. (11).

The results of the classification with kh �= 0 are formulated as the following theorem.
Theorem 5. For kh �= 0, Eq. (11) has no more than three non-obvious first-order conservation laws where

the components are quadratic dependences of u, u1, and u2.
For h = k, Eq. (11) has three non-obvious first-order conservation laws if and only if it is equivalent either to

the Euler–Poisson equation (17) or to Eq. (18) for which non-obvious first-order conservation laws are determined
by Eqs. (14), (19), and (20).

For h �= k, Eq. (11) has three non-obvious first-order conservation laws if and only if H = K = 0. In this
case, non-obvious first-order conservation laws are determined by Eqs. (14) and (21).

5.2. Case with kh = 0. The case with h = k = 0 is trivial. If one of the invariants h or k differs from zero,
then we can assume that h �= 0 without loss of generality. The second continuation of system (13) contains the
classifying equation [(ln h)12 − 2h]B1

u2u2
= 0. For (lnh)12 �= 2h, the non-obvious first-order conservation laws for

Eq. (11) have the form B1 = 0 and B2 = f(x1, v), where v = (u1 + bu) exp
(∫

a dx2
)
; f is an arbitrary function

(fv �= 0). For (lnh)12 = 2h, Eq. (11) is equivalent to the Euler–Poisson equation [1] u12 − u1/(x1 + x2) = 0 for
which there is one more non-obvious conservation law

B1 = u2
2 −

uu2

x1 + x2
+

u2

2(x1 + x2)2
, B2 = − uu1

x1 + x2
− u2

2(x1 + x2)2
.

5.3. Invariant Description of the Cases with the Maximum Extension of the Set of Conservation Laws. It
was found above that Eq. (11) with hk �= 0 has three non-obvious first-order conservation laws if and only if the
Laplace invariants h and k satisfy either the conditions

p12 = 2 exp p− exp q, q12 = 2 exp q − exp p (p �= q) (22)

or the conditions

p12 = γ exp p (γ = const, p = q). (23)

For k = 0 and h �= 0, extension of the set of non-obvious first-order conservation laws for Eq. (11) in the
nontrivial case occurs only if the Laplace invariants of this equation satisfy the condition

p12 = 2 exp p (k = 0, h �= 0). (24)

The solution of the system of constitutive equations shows that the main groups of Eqs. (22)–(24) coincide
with the group of equivalence transformations of Eq. (11). The basis of the second-order differential invariants
of this group is found by a known algorithm [1]. This basis consists of six functions, which can be chosen in the
following manner:

I1 =
k

h
, I2 =

1
h

(ln h)12, I3 =
1
k

(ln k)12,
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I4 =
1
I1
1

(
ln
I1
1

h

)
, I5 =

1
I1
2

(
ln
I1
2

h

)
, I6 =

1
h
I1
1I

1
2 .

The invariants I1, I2, and I3 were first found by Ovsyannikov [2]. With the use of these invariants, Eqs. (22),
(23), and (24) are written in the following form, respectively:

I2 + I1 = 2, I3 +
1
I1

= 2 (I1 �= 0; 1); (25)

I1 = 1, I2 = γ = const; (26)

I1 = 0, I2 = 2. (27)

Thus, we proved the following theorem.
Theorem 6. The non-trivial maximum extension of the set of first-order conservation laws for Eq. (11) with

h �= 0 is observed if and only if the Ovsyannikov invariants I1, I2, and I3 of this equation satisfy the alternative
relations (25), (26), and (27), respectively.

Theorem 6 gives an invariant description of Eqs. (11) with the maximum number of non-obvious first-order
conservation laws.

This work was supported by the Russian Foundation for Basic Research (Grant No. 07-01-00489).
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